This paper addresses the asymptotic approximations of the stable and unstable manifolds for the saddle fixed point and the 2-periodic solutions of the difference equation x n+1 = α + βx n−1 + x n−1 /x n , where α > 0, 0 β < 1 and the initial conditions x −1 and x 0 are positive numbers. These manifolds determine completely global dynamics of this equation. The theoretical results are supported by some numerical examples.
Introduction
Many real world processes are studied by means of difference equations. Because of their wide range of applications in mechanics, economics, electronics, chemistry, ecology, biology, etc., the theory of discrete dynamical systems has been under intensive development and many researchers have been paying their attention to the study of these systems [1, 6, 7, 9, 10, 11, 12, 14, 16, 18] .
The equation
x n , n = 0, 1, 2, . . .
was investigated by many researchers. The equation (1) , for α ∈ [0, ∞) and the initial conditions x −1 and x 0 being arbitrary positive real numbers, has been considered in [3] . There, the authors analyzed the global stability, the boundedness character, and the periodic nature of the positive solutions of (1) . The global stability, the permanence, and the oscillation character of the recursive equation (1) for nonnegative values of the parameter α with negative initial conditions x −1 and x 0 was investigated in [8] . The same equation for α < 0 was taken into account in [17] . The global bifurcation result for (1) was obtained in [4] and the asymptotic approximations of the stable and unstable manifolds of the fixed point of (1) were discussed in [13] .
In this work, we consider the difference equation
x n+1 = α + βx n−1 + x n−1 x n , n = 0, 1, 2, . . .
where α 0, 0 β < 1, and the initial conditions x −1 and x 0 are positive real numbers. Clearly, when β = 0, the equation (2) reduces to (1) . For this reason, the results obtained in the current paper covers those given in [13] . Equation (2) has the unique fixed pointx
Letting y n = x n−1 and z n = x n , (2) can be written as y n+1 = z n z n+1 = α + βy n + y n z n
together with the initial conditions y 0 = x −1 , z 0 = x 0 . Introducing the mapping
(4) is written as
T has a unique fixed point (x,x) wherex is given by (3).
The following result for (2) was given in [2] :
For the equation (2), one has:
• If 0 α < 1, the equilibrium pointx is unstable;
• If α = 1, then there exists periodic solutions with period 2. Moreover, any non periodic solution of (2) converges either to the fixed point or to a two-periodic solution;
• If α > 1, then the equilibrium pointx is globally asymptotically stable.
To complete the global dynamics of (2), the present paper addresses the equations of stable and unstable manifolds of the equilibrium solution and the stable manifold of period-two solutions of (2) . The following definition of the stable and unstable manifolds and the next theorem about their existence can be found in [7, Definition 15.18, Theorem 15.19, pp .457] and also in [15] . We present these only with a minor change in notations for the convenience of the present paper. Definition 1.2 Let N be a neighborhood of a fixed pointx of a diffeomorphism T defined in N . Then, the local stable manifold W s (x, N ), and the local unstable manifold W u (x, N ) ofx are defined, respectively, to be the following subsets of N :
T n (x) ∈ N , for all n 0, and T n (x) →x, as n → ∞} W u (x, N ) = {x ∈ N : T −n (x) ∈ N , for all n 0, and T −n (x) →x, as n → ∞} Theorem 1.3 (Stable and Unstable Manifolds) Let T be be a diffeomorphism with a hyperbolic saddle pointx, that is, the linearized map DT (x) at the fixed point has nonzero eigenvalues |λ 1 | < 1 and |λ 2 | > 1. Then W s (x, N ) is a curve tangent atx to, and a graph over, the eigenspace corresponding to λ 1 , while W u (x, N ) is a curve tangent atx to, and a graph over, the eigenspace corresponding to λ 2 . These curves are as smooth as the map T. 
where x ∈ R n , y ∈ R m , A and B are square matrices such that each eigenvalue of A has modulus 1 and each eigenvalue of B has modulus less than 1, f and g are C 2 and f, g and their first order derivatives are zero at the origin. Then, there exists a center manifold h : R n → R m for T. More precisely, for some ε > 0 there exists a C 2 function h : R n → R m with h(0) = h ′ (0) = 0 such that |x| < ε and (
The paper is organized as follows: In the next chapter, the normal form of the map T and the equations of unstable and stable manifolds of the equilibrium solution are given. Chapter 3 deals with the normal form and invariant manifolds of the map T 2 . Finally, Chapter 4 is devoted to some numerical examples to illustrate the theoretical results.
2 Normal form and invariant manifolds of the map T
Normal Form
To obtain the normal form of the map T, first, we transform its fixed point to the origin. For this, let u n = y n −x and v n = z n −x. Then, (4) becomes
For the mapping
The Jacobian matrix of F at its unique fixed point (0, 0) is
which has the eigenvalues
with the corresponding eigenvectors
respectively, where θ = 1 + 4x + 4βx 2 . Thus,
.
Thus, (4) is equivalent to
Set P = (v 1 v 2 ), where v 1 and v 2 are given by (8) , and let
Then, (9) becomes
where
System (11) is called the normal form of (4).
Unstable manifold of the equilibrium solution
Let 0 < α < 1. Then, as it is stated in [2] , the fixed pointx of (2) is unstable. In fact, it can be shown that |λ 1 | > 1 and |λ 2 | < 1. Then, by Theorem 1.3, there is an unstable manifold W u which is the graph of an analytic map ϕ :
Now, we shall compute a 2 and a 3 . On the manifold W u , we have η n = ϕ(ξ n ) for n ∈ N 0 . Thus, the function ϕ must satisfy
where f and g are given in (12) . Rewriting (13) as a polynomial equation in ξ and equation the coefficients of ξ 2 and ξ 3 to 0, we obtain
and
The local unstable manifold is obtained locally as the graph of the map ϕ(ξ) = a 2 ξ 2 + a 3 ξ 3 . Since η n = a 2 ξ 2 n + a 3 ξ 3 n , using (10) and u n = x n−1 −x, v n = x n −x, we can approximate locally the local unstable manifold W u loc of (2) as the graph ofφ(x) such that U (x,φ(x)) = 0 where
in which
It is easy to see that the functionφ(x) satisfies
Thus, we have proved the following theorem:
The local unstable manifold of (2) corresponding to the saddle pointx has the asymptotic equation U (x,φ(x)) = 0 where U (x, y) is given by (16).
Stable manifold of the equilibrium solution
Since |λ 1 | > 1 and |λ 2 | < 1, by Theorem 1.3, there is a stable manifold W s which is the graph of an analytic map ψ :
Now, we shall compute the coefficients b 2 and b 3 . On the manifold W s , we have ξ n = ψ(η n ) for n ∈ N 0 . Thus, the function ψ must satisfy
where f and g are given in (12) . Rewriting (18) as a polynomial equation in η and equating the coefficients of η 2 and η 3 to 0, we obtain
The local stable manifold is obtained locally as the graph of the map
n , using (10) and u n = x n−1 −x, v n = x n −x, we can approximate locally the local stable manifold W s loc of (2) as the graph ofψ(y) such that S(ψ(y), y) = 0 where
It is easy to see that the functionψ(x) satisfies
The local stable manifold of (2) corresponding to the saddle pointx has the asymptotic equation S(ψ(y), y) = 0 where S(x, y) is given by (21).
3 Normal form and invariant manifold of the map T 2
Normal Form
For the map T given by (5), one has
That is,
Firstly, we note that the fixed point (x,x) of T is also a fixed point of T 2 . That is why, in this section, the fixed point (x,x) of T 2 is ignored, and the main focus will be on the other fixed points.
As it was shown in [2] , when α = 1, equation (2) As it was done in the previous section, the fixed point (Φ, Ψ) will be transformed to the origin. For this, let u = y − Φ and v = z − Ψ. Then, we get the map
for which (23) can be written as
It is clear to see that (0, 0) is a fixed point of F 0 and the Jacobian of F 0 at this fixed point is
Using the relation 
. from which it can be derived that the eigenvalues of J 0 are
Since 0 < λ 01 < 1 and λ 02 = 1, the fixed point (Φ, Ψ) is stable. The eigenvectors corresponding to the eigenvalues λ 01 and λ 02 are
respectively. Thus, the map obtained in (24) can be written as
Therefore, (23) is equivalent to
Set P 0 = (v 01 v 02 ), where v 01 and v 02 are given by (27), and let
Then, (29) leads to
System (31) is the normal of (23).
Stable set of 2-periodic solution {(Φ, Ψ), (Ψ, Φ)}
Since 0 < λ 01 < 1 and λ 02 = 1, by Theorem 1.4, there is an invariant curve C (called center manifold) which is the graph of an analytic map h such that h(0) = h ′ (0) = 0. Let
Now, we shall compute c 2 and c 3 . The function h must satisfy
where λ 01 is given in (27), f 0 and g 0 are given in (32). Rewriting (33) as a polynomial equation in ξ and equation the coefficients of ξ 2 and ξ 3 to 0, we obtain
Using η 2n = c 2 ξ 2 2n + c 3 ξ 3 2n , the relation (30) together with u 2n = x 2n−2 − Φ and v 2n = x 2n − Ψ, we can approximate locally the invariant curve C as the graph ofh(x) such that C(x,h(x)) = 0 where
It is easy to see that the functionh(x) satisfies
Thus, we have proved the following theorem: 
Numerical Examples
In this section, some illustrative examples supporting the theoretical results presented in this article will be constructed. To compare the current results with those given in [13] , we first take the parameter values as in [13] . Figure 1 shows the graphs of the functions U 1 (x, y) = 0, S 1 (x, y) = 0, U 2 (x, y) = 0 and S 2 (x, y) = 0 together with a typical trajectory. As it can be seen, the trajectory follows the unstable manifold in both cases. We would like to note here that the functions U 1 (x, y), S 1 (x, y), U 2 (x, y) and S 2 (x, y), obtained in this example are not the same as those given in [13] . However, they are some certain constant multiples of each other, and hence, the manifolds provided here and given in [13] are the same. So, we recover the results given in [13] by taking β = 0. Figure 2 shows the graphs of the functions U 3 (x, y) = 0, S 3 (x, y) = 0, U 4 (x, y) = 0 and S 4 (x, y) = 0 together with a typical trajectory. As it can be seen, the trajectory follows the unstable manifold in both cases. Figure 3 shows the graphs of the functions C 1 (x, y; Φ) = 0, C 1 (x, y; Ψ) = 0 and C 2 (x, y; Φ) = 0, C 2 (x, y; Ψ) = 0, together with typical trajectories. As it can be seen, the trajectory follows the invariant manifold in both cases. Figure 4 shows the graphs of the functions C 3 (x, y; Φ) = 0, C 3 (x, y; Ψ) = 0 and C 4 (x, y; Φ) = 0, C 4 (x, y; Ψ) = 0, together with typical trajectories. As it can be seen, the trajectory follows the invariant manifold in both cases. 
